Abstract. Stationary points of multivariable function which represents some surface have an important role in many application such as computer vision, chemical physics, etc. Nevertheless, the dataset describing the surface for which a sampling function is not known is often given. Therefore, it is necessary to propose an approach for finding the stationary points without knowledge of the sampling function.
Introduction
Stationary points of the given explicit function f (x) are points where the gradient of the function f (x) is zero in all directions, i.e. all partial derivatives are zero:
∇f (x) = 0 x ∈ E n , i.e.
∂f (x) ∂x k = 0 k = 1, . . . , n,
where n denotes the dimension of space. The knowledge of stationary points is required in many areas that are used a multidimensional data analysis, e.g. [1] , [2] , [3] , [4] , [5] . The significant features of the given dataset can be determined using the set of stationary points. This properties can be further used for improving the quality of the RBF approximation [6] , [7] , etc. In the technical applications, the sampling function is not often known and only the dataset describing the given surface is specified. Therefore, it is necessary determining the stationary points without knowledge of the sampling function. Moreover, for a higher dimension of space n ≥ 2, it is possible that the stationary points of given surface are not only isolated but they can be formed into line segments, circles or some other shapes. A new approach for searching of bindings between stationary points will be described in this paper. Knowledge of these bindings is suitable, for example, for pruning purposes.
In the following sections, the fundamental the RBF interpolation will be described. The finding of stationary points of surface using the RBF interpolation will be described in Sect. 3. Moreover, the method, how the bindings between stationary points are searching, is introduced in this section. In the section Sect. 4, the results of our proposed algorithm will be presented. Finally, a final discussion of results will be performed.
RBF Interpolation
In this section, the RBF interpolation method, recently introduced, e.g. in [8] , [9] , and its properties are described.
We assume that we have an unordered dataset {x i } N 1 ∈ E n , where n denotes the dimension of space and N is the number of given points. Further, each point x i from the dataset is associated with a vector h i ∈ E p of the given values, where p is the dimension of the vector, or a scalar value, i.e. h i ∈ E 1 . In the following, we will deal with scalar data interpolation, i.e. the case when each point x i is associated with a scalar value h i is considered. Our goal is determined the unknown function which is sampled at given points
For these purposes, it can be used the RBF interpolation which is based on the distance computation between two points x i and x j from the given dataset.
The interpolated value can be determined as:
where the interpolating function f (x) is represented as a sum of N RBFs, each centered at a different data points x j and weighted by an appropriate weight c j which has to be determined, see Fig. 1 . Applying (2) for all data points x i , i = 1, . . . , N , we get a linear system of equations:
The linear system of equations can be represented in a matrix form as:
where the matrix A = {A ij } = {φ ( x i − x j 2 )} is N × N symmetric square interpolation matrix, the vector c = (c 1 , . . . , c N ) T is the vector of unknown weights and h = (h 1 , . . . , h N ) T is a vector of values in the given points. This linear system of equations can be solved by the Gauss elimination method, the LU decomposition, etc.
From the above, it can be seen that, in order to solve the interpolation problem, the distance matrix and a radial basis expansion are used.
Proposed Approach
In this section, determination of stationary points of the given dataset is described. Moreover, the approach includes the method for searching of bindings between stationary points because whole shape of stationary points may lie on the sampled surface.
Piecewise approach for determination of stationary points
For simplicity we assume that we have given dataset {x i } N 1 ∈ E 2 and each point x i from this dataset is associated with a scalar value h i ∈ E 1 . Further, for purposes of determination of stationary points, we assume that the given dataset contains the points on a N x × N y regular grid, where ∆x and ∆y are real numbers representing its grid spacing. Moreover, the row-major ordering of the given data is performed at first. After that, the piecewise approach is applied on the given data.
The process which is performed at each step of the piecewise approach is following. Every sixteen points {x m } 16 1 = {x i,j , . . . , x i,j+3 , . . . , x i+3,j , . . . , x i+3,j+3 } from the given dataset, where i ∈ {1, . . . , N y − 3} denotes the row index and j ∈ {1, . . . , N x − 3} denotes the column index, are interpolated by the RBF interpolation (2), i.e. the linear system (4) has to be solved and the vector of weightsĉ = (c 1 , . . . , c 16 ) is computed. It mean that during one step of proposed approach, the RBF interpolation for 3∆x × 3∆y area, where ∆x and ∆y are real numbers representing the input grid spacing, is performed, see Fig. 2a .
(a) The grey area shows the all points from the given dataset which are interpolated by the RBF method during one step of piecewise approach. The hatched area illustrates the domain for which the stationary points of the given dataset are determined from the obtained RBF interpolation.
(b) Visualization of the stationary points reduction which is performed if the two points are identical or very close to identical. The green circle and red circle mark the stationary points which were determined from two different RBF interpolations and which were merged to one stationary point marked by yellow square.
Fig. 2. Proposed piecewise approach
Then, the stationary points {s q } of this interpolation function are determined using (1). Specifically, for stationary points of the RBF interpolation function the nonlinear system of equations:
where φ (r) is the derivation of RBF function φ with respect to variable r, * denotes the element-wise multiplication andĉ = (c 1 , . . . , c 16 ) is the vector of weights, has to be solved. The solution of (5), i.e. the stationary points {s q } of the RBF interpolation, is searched for the domain defined as:
where ∆x and ∆y are real numbers representing the input grid spacing, N x indicates the number of grid column and N y is the number of grid rows, see Fig. 2a , and the resulting set is added to the set of stationary points {s l }. It should be noted, that the values ε min and ε max include the correction for the boundary areas.
The determination of stationary points of a function corresponds to the problem of finding critical points of the vector field, where the vector field is defined by eq. (5) for our purposes, and, therefore the method for determining critical points [10] , [11] may be used for obtaining the result.
The advantage of the above mentioned process is that the matrix A of the linear system (4) for the RBF interpolation, is not dependent on the position of the given points (the matrix is dependent only on the distances between given points) and, therefore, this matrix is constant for all steps of piecewise approach. It should be noted that the approximation by a quadric surface could be used instead of the RBF interpolation, but the experimental results proved that this variant returns worse results in terms of stationary point locations.
The set of stationary points in the current form {s l } may contain two identical points or points very close to identical. This problem is caused by the fact that one stationary point can be obtained from more RBF interpolations. The situation is illustrated in Fig. 2b . However, this problem can be solved by reduction of the set of stationary points. Then, the final set of stationary points {σ u } of the given data is determined as follows. The subset S u of stationary points is removed from the unreduced set of stationary points {s l }. The points in the subset S u meet relation:
where d = (∆x) 2 + (∆y) 2 is the diagonal step in the regular grid, and the new stationary point is determined as a centroid of points from subset S u :
where |S u | is a number of points in the subset S u . The process is repeated until the unreduced set of the stationary points is not empty. The whole algorithm for determining the stationary points of the given dataset is summarized in Algorithm 1.
Estimation of shape parameter for RBF interpolation
The piecewise RBF interpolation is used during the process of the determining the stationary points of the given dataset. Nevertheless, the quality of the resulting RBF interpolation strongly depends on the choice of the shape parameter α. Therefore, in this section, the determination of suitable shape parameter α will be performed.
For the above mentioned process, the surface with the least possible tension is required, i.e. the surface must contain as little wavy as possible if the interpolated points allow it. It means that the shape parameter α has to be sufficiently large.
Therefore, for these purposes, we proposed and experimentally verified that shape parameter α is chosen so that the radius of circle of non-stationary inflection points of used RBF function φ(r) corresponds to the maximum distance of the interpolated points, within one step of proposed piecewise approach, which is r = 3d, where d = (∆x) 2 + (∆y) 2 is the diagonal step in the regular grid. 
Compute the vector of unknown weightsĉ, eq. (4), where h =ĥ.
9:
Compute the coefficients ε min and ε max , eq. (6).
10:
Determine the stationary points {s q } from eq. (5) in the domain (6).
11:
{s l } = {s l } ∪ {s q } 12: while the set {s k } is not empty do
13:
Find S u = {s k : s k − s 1 2 ≤ d} in the set {s l }.
14:
Add the stationary point s k |Su| to the final set of stationary points {σ u }.
15:
Delete all points s k ∈ S u from the set {s l }.
From this assumption, the following expression for shape parameter α was derived:
where d = (∆x) 2 + (∆y) 2 is the diagonal step in the regular grid and ω is a constant parameter depending on the type of used RBF, see Table 1 . Table 1 . Different RBFs, their derivation φ (r) and their parameter ω, eq. (9).
RBF φ(r) φ (r) ω
Gaussian RBF e
Inverse quadric 1 + (αr)
Wendland's φ 3,1 (1 − αr)
Searching of bindings between stationary points
It is possible that the given surface does not contain only isolated stationary points, but the curves of stationary points, such as line segments, circles, parabolas or some other shapes, can lie on the given surface. Therefore, the method for searching of bindings between stationary points will be described. Fig. 3 . The figure shows the worst case in which two stationary points (yellow squares) still lie on the same curve of stationary points, i.e. the distance between two stationary points is maximal possible distance. Moreover, the reduction of stationary points is again shown.
At the beginning, the maximal possible distance δ max of two stationary points for which these stationary points still lie on the same curve has to be established. The situation of the worst case is illustrated in Fig. 3 . In this figure, it can be seen four subdomains of the piecewise approach and for each of them, the one stationary point is indicated using circle mark. Based on eq. (7), the stationary points of blue and red subdomains are reduced and are replaced by their centroid. The same case occurs for the green and purple subdomain. New stationary points which are obtained after the reduction are indicates by yellow squares in the figure. It is also obvious that the distance of these two stationary points, which is also the maximum possible distance δ max , is:
where d = (∆x) 2 + (∆y) 2 is the diagonal step in the regular grid. Now, the stationary points {σ u } of the given dataset are sequentially processed by following. For the current stationary point σ u , the all stationary points {σ w } which lying in the distance δ max are determined:
If no stationary point is found, then the stationary point σ u is isolated. Otherwise, the binding f v = {σ w } ∪ {σ u } is obtained and newly added stationary points are processed in the same way. Finally, the result of this approach is the set of points described the curve of stationary points. This procedure is repeated until the all stationary points {σ u } are processed. One of the possible solution of this problem is the kd−tree which can be simply applied for purposes of searching of bindings between stationary points.
Experimental Results
In this section, the experimental results for our proposed approach will be presented and their comparison with the exact stationary points which were determined analytically from the sampling function will be made. The implementation was performed in Matlab. In addition, different radial basis functions have been used, see Table 1 .
For purposes of our experiments, a uniform distribution of points on a rectangular domain was used for the testing data. Thus, the given dataset contains 120 × 120 points uniformly distributed in the interval [x min , x max ] × [y min , y max ], where the values x min , x max , y min and y max are chosen based on the used sampling function, see (11a) -(11b) and (12a) -(12d). Moreover, each point from this dataset is associated with a function value of the selected sampling function at this point.
Comparison of determined stationary points with exact stationary points
In this section, the results for datasets whose stationary points do not contain mutual bindings, i.e. all stationary points are isolated, will be presented. The sampling functions f 1 (11a) and f 2 (11b), which were defined in [12] , fulfill these properties. Figure 4a presents the results for the dataset in which each point is associated with a value from the f 1 function (11a) when the Gaussian RBF has been used for the piecewise RBF interpolation. Using our proposed approach, five isolated stationary points which are marked by white circles were found for this dataset. The exact stationary points of f 1 function (11a) are shown using the red asterisks ( * ).
The results for the dataset in which each point is associated with a value from the f 2 function (11b), when the Gaussian RBF has been used for the piecewise RBF interpolation, are presented in Fig. 4b . Twenty four isolated stationary points which are represented by white circles were found for this dataset using our proposed approach. The exact stationary points of f 2 function (11b) are again shown using the red asterisks ( * ).
It can be seen that obtained results for both datasets correspond to the stationary points calculated analytically from the sampling functions. Moreover, it should be noted, that the same results were obtained even when other RBF function, see Table 1 , were used for the piecewise RBF interpolation. 
Bindings between stationary points
In this section, the results for datasets whose stationary points contains mutual bindings will be presented. The four following sampling functions (12a) -(12d) fulfill these properties.
At the beginning, it should be noted that the white solid line indicates the curve of stationary points obtained for the given dataset using our proposed approach and the isolated stationary point obtained using our proposed approach is marked by the white circle. The red dashed line indicates the curve of stationary points calculated analytically from the given sampling function and the isolated stationary point calculated analytically from the given sampling function is represented by the red asterisk ( * ). Figure 5a presents the results for the dataset in which each point is associated with a value from the f 11 function (12a) when the Gaussian RBF has been used for the piecewise RBF interpolation. Using our proposed approach, one curve of stationary points, specifically the line segment, were found for this dataset. This result coincides with the result obtained using analytically approach.
The results for the dataset in which each point is associated with a value from the f 12 function (12b), when the Gaussian RBF has been used for the piecewise RBF interpolation, are presented in Fig. 5b . For this dataset, the four curves of stationary points, specifically two parabolas and two segments of parabola, were found using our proposed approach. Figure 5c presents the results for the dataset in which each point is associated with a value from the f 13 function (12c) when the Gaussian RBF has been used for the piecewise RBF interpolation. Using our proposed approach, seven curves of stationary points, specifically three circles and four arcs, and one isolated stationary point were found for this dataset.
The results for the dataset in which each point is associated with a value from the f 14 function (12d), when the Gaussian RBF has been used for the piecewise RBF interpolation, are presented in Fig. 5d . For this dataset, the two curves of stationary points, specifically two line segments, were found using our proposed approach.
For all mentioned experiments, it can be seen that the results obtained using our proposed approach correspond to results obtained using analytically approach. Moreover, it should be again noted that the same results were obtained even when other RBF function, see Table 1 , were used for the piecewise RBF interpolation.
Conclusion
In this paper, a new approach for determination of stationary points of given sampled surface without knowledge of the sampling function is presented. The proposed method is based on the piecewise RBF interpolation of the given dataset. Moreover, the proposed approach includes the method of detecting the bindings between the found stationary points, i.e. the approach is able to associate the points from the same curve of stationary points.
The experiments proved that the stationary points determined by our proposed approach coincide with the exact stationary points which were determined analytically form the sampling function.
The results of the proposed approach can, for example, be used for determination of the set of reference points for the RBF approximation which enable appropriate compression of given dataset. The knowledge of the bindings between stationary points is possible to use for pruning the subset of related stationary points to the required number of points on the appropriate curve of stationary points.
In the future work, the proposed approach can be generalized for scattered data using the k-nearest neighbors algorithm.
